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Electrical Resonance

Electrical resonance is the frequency response of an electrical network
or circuit that’s, the circuit operates at its natural frequency. At
resonance condition the circuit exhibits unity power factor. So cos@ =1
and @ =0. So the total supply voltage and the supply current are in phase
and max power factor is transferred to the circuit under resonance.
Electrical resonance can happen in any electrical circuit, when we have
two similar but opposite natured elements like L and C. To undergo a
good observable response we need a good quality in these energy
storage elements. This is defined as Q-factor
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max energy stored per cycle of supply

Q-factor = 2™ | =
energy disippiated per cycle of supply

Series resonance: at series resonance frequency, the total supply voltage and current are in phase.
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So @ =0.
Power factor = COS® =1 (UPF)
The net circuit behaves has purely resistive, so Z=R
Therefore X, =0
ButZ=R+j (X, -X,)
If Xpee =0 2> (X; -X.) =0
X =X, =>WL=—
W2 LC =1

2 -1 -1
w —LCQW mrad/s

(2nf)? = \/% (since W =2xf )
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Phasor diagrams:
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. WL _ 1
Q-factor at resonance: Q =—>=——
1
But W = N

L

Therefore Q = % P

Q-factor in series resonant circuit is also called as “voltage amplification factor”

At resonance condition, the net impedance is zero. So, the current is maximum that’s why
series resonance circuit is called as “acceptor circuit”.

At resonance frequency the total supply voltage appears across resistor. So it is called as
“voltage application circuit”.

Voltage across passive elements with change of frequency:
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The frequency at which maximum voltage appears across the capacitor, f. = P /E — oz HZ
N T R2C _ 1
Je= omvic o 2 (o= )
_ R2C
fc - fo 1 2L

1

, 2.2
21 LC—RZC

The frequency at which maximum voltage appears across the inductor is, f; =

From circuit, V=12
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4 v|

| | R2+(WL— ﬁ)z
AtW=IW, > I, = “;7' = maximum

So power delivered, P,= I,%R watts = maximum

¢ r=IR>LR=EI*RS> V=V

o V=X = +WoL) T = 4jQo VIS V= 4iQ, V]
. iV _ . :
s VS = s TS A0V = 00

Band width (BW):

Band width represents the range of frequencies for which the power level in the signal is at
least half of maximum power.

So, half power frequency is band width
P,=1,"R

I,’R _ I,

Py _ _ 2 _ 2
So half power, ST, \/_E R= (0707010) R

BW=W2-W1=§rad

L
/

=
(: L e Neley W
roll Ef{iut of frequency

fo- fi= 2% Hz these are represents the geometric mean so that these can be represented as
Wo =W, W,

fo=2 fa
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W, - Wy= 25> W,= Wi+ 22> Wy = W,- - radls

BW BW R
fo'flzT9 f0:f1+79f1:fo'ﬁHz
Wy - Wy= 25> W,= Wy 22> W, = W+~ radls

BW BW R
fz'fo:T9 fo:fz'TefZ:fo'l_ﬁHz

Sensitivity:

Sensitivity is the ability to distinguish or discriminate between desired and undesired
frequencies. It is also defined as the ratio of response frequency to bandwidth.

__Jo :27r\1/L_:l L_ —
S0 5= 2 R\ﬁ Q>S5

Parallel Resonance: At resonance condition, the supply voltage and current are in phase.
So ¢ =0.

Power factor = COS® =1 (UPF)

V@ R L o E—

The net circuit behaves has purely resistive, so net Admittance=conductance (Y = G)

Therefore B,.; = 0 (net Susceptance)

1 1

° YR_a_E
11 _ —j
o V¥V =—=——=-+2
L™z, 7 ix, ™ x,
1 -1 _j
o Y. =—=-—==—
CTze T jxe Xc

1 . .1 1 1 . 1
o YEVpHY AV DY =o+iG oy )= T (WC-17)
At resonance, W=W, = B, =0
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Xc Xp
1
w,C = rad/s
oL
£ = 1
0  2nyIC
Graphs:
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Phasor diagrams:
CASE CASEB CASEC
ASEA Y=G+iBnet
Y=G Y=G-ibgs) I leads V by 1 <90
- =11
purely resistive 1l4gs V by E:;«:s)o /9{:/
N ~ - — > v
<A N & \'?')
I in phase V &6 vewa < is +ve wat
I
W=Wo W<Wo ®-L cki) W>Wo (R-C clj”
R —
Complete phasor diagram:
L
I =T
,_‘g’ﬂ— S jﬁ ~4 {L g (}Jr_ﬂg
v (%:) R o= L a ¢ € I:i'ﬁ‘- a \:,
I=Ir ~b
at W=Wo ;] :6 fj‘!\’
Bi=Bc| cos f” =1(TPF)
=T
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Q-factor at resonance: Q = R - W,RC
Wyl
But W, = —
0~ JIC

Therefore Q =R \E

Q-factor in parallel circuit is called as “current amplification factor”

At parallel resonance condition, the net impedance maximum and current minimum so, it
is called as “rejecter circuit”.

At parallel response frequency, the net current flows through resistor so; it is called as
“current amplification circuit”.

From circuit: V=1Z > |l |_|1

_n I
V=2

Y| T [x 1
| Rzt WC-p?

1]

W=W, > |V|= =1l R|
F‘I‘O
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* IR_E 2 =l
14 [I|R

.- R 9
* e T Tl =l
14 . . i
L] IC:E =+ []VVORC]|I|:'JQ0|V|91¢‘:+JQO|I|

e Parallel response circuit is also called as “band-stop-filter
i _
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_ 1 _ 1 _ R—jX;
he=tso-i
Zq R+jX; R2tXp
1 1 j
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Z; —-JjXc Xc
R—-jX;, j R -1 X1
Y=V, +Y,= e LI P - —C
1 2 R2+XL2 Xc [R2+XL2] J [XC R2+XL2]

W= W, = net susceptance =0
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Q-factor for different elements:

Element Q-factor
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Locus Diagrams & Resonance

Locus diagrams:
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It is convenient to employ locus diagram for analyzing an electrical network having one

variable element. It is either resistance or reactance. Since current in a circuit is with constant
applied voltage, the current in the circuit is a function of impedance. So it is expressed as

1=X=vy
Z

If V is constant, current is varies as that of admittance when one of the elements id changed.
Hence the circuits are analyzed employing admittance locus diagram.

Locus diagram for series circuit:
Fixed resistance and variable reactance:

Consider a series circuit, having a fixed resistance R, and variable reactance either positive
reactance X; or negative reactanceX..

x axis fl\ i locus of ¥ ] RC ki
7 x1 Xe

R X -

BRL ckt E\\ 2=VY2
A——FF - . :
. ﬁ K RC ckt [ QY IYI locus of

. N | +72 ’XE \ ,z./ \ =VYl

SR "R ¢ RL ckt

A e

Since the resistance is constant, the variation of reactance results in impedance whose locus
is straight line parallel to reactance axis and intersecting resistance axis at R;as shown in fig, the
locus on positive side of x axis correspond to RL circuit.

| = g and has a phase difference oftan‘lg. The phasor sum ofVy, Vy always equal to

constant applied voltage V. The locus current is same as that of admittance. We will show that
locus admittance is a circle.

From the series circuit, Z = R, + jX

Y=1=G+jB
z

_ o 1_ 1

Z_R1+]X_Y_G+jB

_ N G-jB

Z_R1+]X_(G+jB)(G+jB)
_ _G . B
T v o
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Therefore equating real and imaginary parts we get,

_ G
17 g24 B2

_ -B
G2+ B?

G

G2+ B2=2>624+ B2-S =0
Ry R

1
Solving the above equation by mathematical analysis we get,
Adding (%)2 to get to (a + b)? form,
1
2.6 12 2= (L y2
G - Ry +(2R1) +B*= (2R1)

1

2 2— (1
)+ B ‘(le

(G - )?

Its looks like an equation of a circle represents the circle with center at (%,O) and
1

radius of% on admittance plane with G and B axes. Locus diagrams are shown in above fig,

1

the locus above G axis is for RC circuit and locus below G axis for RL circuit.
To draw current locus diagram:

1) Draw the voltage phasor V as reference (x-axis)

2) Fix the center as (%,O) and draw the circle radius with %as radius where R is fixed
radius.

3) For any value of x, draw a line through the origin making an angle tan™?! % and OA gives

the current and 6 gives phase angle.
4) Vicos8,VIsin®@, cosB gives active, reactive and power factor respectively.

Fixed reactance and variable resistance:

Consider a series circuit with a fixed reactance is positive or negative and a variable
reactance R. The impedance of the circuit is

Z=R+jX,
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ra
+ x axis
R * 1 z2
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locus of Z

R incresing

Locus of Y

If R is varied keeping X; constant, then the locus of Z is a straight line parallel to R-axis
and cutting X-axis at fixed reactanceX;. The locus of Y is a circle located at (O, -i) and
l

. 1
radius— .
2X)

From the series circuit, Z =R + jX;

Y=2=G+jB
VA
. 1 1
Z:R+]Xl:?:c+jB
Z=R+ jX,=— 18

(G+jB)(G+]jB)

G . B
G2+ B? JGZ+B2

Therefore equating real and imaginary parts we get,
_ G
"~ G2+ B2
-_"B
L™ G242
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G2 + BZ:;—Be G2 + BZ+X5:0
L L

Adding both sides (i)2 and we get,
2 2 4 132 _, 132
G*+ B+ +(2Xl) (le)

2 T2 1y2
G+ (B+ 2Xl) ‘(le)

Which represents a circle in G-B plane with center at (0, -i) and radius%.
l l

The locus of current is same as that of admittance obtained by multiplying with voltage V.
it is a circle with center (0, -%) and radius%. (RL circuit)
l l

If the reactance is capacitive, then the locus of Z, Y and current will be as shown fig. (RC circuit)

B A
M i -
R=0} __ iocus ofy F o
~
5
i L
\ } ) .
- R increases -" R increases
o ly Iy
;- locus of I
. . ~—
0 D -

The current locus is as shown and it is a polar plot representing the variation of current
for different values of R. the locus of current is a circle with (0,%) and radius%. To determine
[ c

the current for any particular value of R, determine the phase angle = tan‘l% and draw a line
OA cutting the locus of current at A. then OA represents the current and @ its phase angle.

Locus Diagram for Parallel Circuits:

The method of solving networks using locus diagrams can be extended to parallel circuits
in which one of the branches contain a variable element.

Fixed resistance and variable reactance:

Let us consider a two branch parallel circuit as shown in fig. the locus of admittance and
current are as shown in fig.
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For the branch 1, there is no variable element Z; = R, + jX; which is constant.

A 5 A
logus of T1
locus of Y2 /\j )
\!

g 4 ‘E‘R 0 P =] T
0 Q0 ol

» @Ei_____{ yNAER

Vig el [

S0Z, =7, <6, and\(:zliglzyl<—¢91

The admittance Y; is first drawn to (O0?) as shown in fig.

The impedance of second branch is Z, = R, - jX., in which X, is a variable. The locus of Y, of
branch 2 is a circle with center at (%, 0) and radius of % (from series circuit concept). We can
2 2

draw the locus of Y, from the tip of Y; so that any point on the semi circle, if joined to the origin
O gives the total admittance, Y =Y;+ Y,. The semi circle locus represents the locus of total
admittance Y with respect to origin with respect toO* give the locus of ¥,. The corresponding
locus is obtained by multiplying with V and is shown in fig.

00 represents the currentin Z; = I,
00! B current in Z, for a given value of X, = I,
OB total current, | = I; + I,

From the locus diagrams, we can locate the points of resonance. At resonance, we know the
current and voltage are in phase P, Q is unity power factor points where the current locus cuts at
the voltage axis. For the given parallel circuit, we have two different values of X, at which we

have a resonance. If the radius of a circle % is such that the locus does not intersect the voltage
2

phasor, then there will not be any value of X, which makes the circuit to resonant.
Variable resistance and fixed reactance:

Let us consider a parallel circuit, as shown in fig. the admittance of locus also shown in below
fig.
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The impedance of branch 2 is fixed, Z, = R, - jX, which is constant.

SOZZZ|Z2| < _62 andYZZﬁ:Y2<92

The admittance Y, is first drawn to (OA) as shown in fig.

The impedance of first branch is Z; = R; + jX,, in which R; is a variable. The locus of ¥; of
branch 1 is a circle with center at (0, -i) and radius% (from series circuit concept). The locus
l l
of Y; is drawn from the tip of ¥, as shown in fig. The total current I = VY and the locus of I is as
shown in fig, it is obtained from the admittance locus by multiplying with V. The semi circle

represents the locus of I; with respect to C and with respect to origin O it gives the total current
I. The point at which the current locus cuts the voltage phasor gives the resonant point P.
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